The type III Hermite X m exceptional orthogonal polynomial family is generalized to a double-indexed one X m 1 ,m 2 (with m 1 even and m 2 odd such that m 2 > m 1 ) and the corresponding rational extensions of the harmonic oscillator are constructed by using second-order supersymmetric quantum mechanics. The new polynomials are proved to be expressible in terms of mixed products of Hermite and pseudo-Hermite ones, while some of the associated potentials are linked with rational solutions of the Painlevé IV equation. A novel set of ladder operators for the extended oscillators is also built and shown to satisfy a polynomial Heisenberg algebra of order m 2 − m 1 + 1, which may alternatively be interpreted in terms of a special type of (m 2 − m 1 + 2)thorder shape invariance property.
Introduction
During the last few years, a lot of research activity has been devoted to the construction of exceptional orthogonal polynomials (EOP), which are new complete and orthogonal polynomial systems extending the classical families of Hermite, Laguerre and Jacobi. In contrast with the latter, the former admit some gaps in the sequence of their degrees, the total number of them being referred to as the codimension.
The first examples of EOP, the so-called Laguerre and Jacobi X 1 families, with codimension m = 1, were proposed in the context of Sturm-Liouville theory [1, 2] . Shortly thereafter, such EOP were applied to quantum mechanics and proved to be related to some exactly solvable (ES) rational extensions of well-known potentials [3] . These new quantum potentials had the additional interesting property of enlarging the known list of translationally shape-invariant (SI) potentials, which was thought to be complete at that time [4, 5] .
In agreement with some previous works on algebraic deformations of SI potentials [6, 7] , it then appeared convenient to use a supersymmetric quantum mechanical (SUSYQM) method to construct some additional examples of quantum potentials related to X 1 EOP [8] and to extend such an analysis by proposing some new Laguerre and Jacobi X 2 families [9] . The transition from codimension m = 1 to codimension m = 2 was characterized by a growing complexity, since there appeared three distinct families of EOP (labelled as types I, II and III, respectively), the first two being associated with SI potentials and strictly isospectral to the partner conventional potential. The next step was the obtention of type I and type II Laguerre and Jacobi X m EOP families and related potentials for arbitrarily large codimension m [10, 11] and the study of their properties [12, 13] . It then became clear that, in the m = 1 special case, the polynomials of the type I and type II families happened to be proportional, hence leaving a single independent one. In addition, the X m EOP were shown to be obtainable through several equivalent approaches, such as the Darboux-Crum transformation [14, 15, 16] , the Darboux-Bäcklund one [17] and the prepotential method [18] .
Type III Laguerre X m EOP families were also studied in detail and shown to exist only for even codimension [17] . Some results were also obtained for type III Jacobi ones [18] .
The development of these type III EOP families helped in understanding the absence of Hermite X 1 EOP families in the first works carried out on the subject [1, 2] . Some Hermitetype polynomials had indeed been obtained in quantum mechanical models in the early 90s [19, 20] and re-discovered several times later on (see, e.g., [6, 21, 22, 23] ), where they appeared in the vast domain of anharmonic oscillators constructed by SUSYQM techniques (see, e.g., [24, 25, 26, 27, 28] and references quoted therein). It became clear [29, 30] that such Hermite-type polynomials actually belonged to type III EOP families corresponding to even codimension and that no other Hermite EOP families could be constructed in a first-order SUSYQM approach (nor in any of the above-mentioned equivalent methods).
Recently, it was shown that the list of X m EOP families (and associated potentials) was not exhaustive and that novel multi-indexed X m 1 ,m 2 ,...,m k families could be obtained through the use of multi-step Darboux algebraic transformations [31] , the Crum-Adler mechanism [32] , higher-order SUSYQM [33, 34] or multi-step Darboux-Bäcklund transformations [35] .
These works aimed at generalizing type I and type II X m EOP families and consequently at extending the class of SI potentials that are rational extensions of conventional ones.
It is worth mentioning too that very recently some studies were devoted to the construction of new rational extensions of solvable potentials with a finite bound-state spectrum and to the study of the polynomials appearing in their wavefunctions [29, 30, 36, 37, 38] , as well as to some mathematical aspects of the theory [39, 40] .
As far as the authors know, however, no attempt has been made so far at extending type III X m EOP families to multi-indexed ones. The purpose of the present paper is to start filling in the gap by considering the simplest example, namely Hermite X m 1 ,m 2 EOP families that may occur in a second-order SUSYQM approach to the harmonic oscillator.
Although the latter subject has a long history (see, e.g., [26, 27, 28] and references quoted therein), the EOP viewpoint will shed some new and interesting light on it.
Another purpose of this paper is to re-examine the construction of ladder operators for harmonic oscillator partners. We plan to show that for the potentials associated with Hermite X m 1 ,m 2 EOP, there exists an alternative of the usual procedure that combines the oscillator creation and annihilation operators with the supercharges [21, 26, 27] or combinations of supercharges [28, 41, 42] .
In section 2, we review the construction of Hermite X m EOP families and associated harmonic oscillator rational extensions in first-order SUSYQM. We extend both of them to second-order SUSYQM in section 3. Ladder operators are then built for the corresponding potentials in section 4. Finally, section 5 contains the conclusion.
2 Harmonic oscillator rational extensions in firstorder SUSYQM
In first-order SUSYQM [5] , one considers a pair of SUSYQM partners H (±) ,
which intertwine with the first-order differential operators A and A † as AH (+) = H (−) A and
is the superpotential, which can be expressed as W (x) = − log φ(x) ′ in terms of a nodeless seed solution φ(x) of the initial Schrödinger equation
E is the factorization energy, assumed smaller than or equal to the ground-state energy of
, and a prime denotes a derivative with respect to x.
Whenever both energies are equal and φ(x) is therefore the ground-state wavefunction of V (+) (x), the partner potential V (−) (x) has the same bound-state spectrum as V (+) (x), except for the ground-state energy which is removed (case i). For E less than the groundstate energy, in which case φ(x) is a nonnormalizable eigenfunction of V (+) (x), the partner
has an extra bound-state energy E below the spectrum of V (+) (x) corresponding to the wavefunction φ −1 (x), if the latter is normalizable (case iii).
As well known, for the harmonic oscillator potential V (x) = x 2 (x ∈ R), the corresponding Schrödinger equation has an infinite number of bound-state wavefunctions, which can be written as
where H ν (x) is a νth-degree Hermite polynomial [43] . The associated bound-state energies are given by 2ν + 1, ν = 0, 1, 2, . . . .
If one assumes
and E = 1 in (2.1) and (2.2), then W (x) = x and the partner potential
is a translated oscillator, which reflects the SI of the harmonic oscillator [5] .
If now E < 1, the only possible polynomial-type nodeless seed solutions of (2.2) are provided by the functions [23] 
where H m (x) is a mth-degree pseudo-Hermite polynomial [43] 1 , defined by
The corresponding factorization energies are
is normalizable on R, we are in case iii of SUSYQM. It is worth observing here that for odd m, the function φ m (x), as defined in (2.5) and (2.6), is also a solution of equation (2.2) corresponding to (2.7), but as it vanishes at x = 0, it does not qualify as a seed function in first-order SUSYQM.
The corresponding partner potential is now
and the spectra of H (+) and H (−) are
and
respectively.
The excited-state wavefunctions of H (−) can be found by acting with the operator A, where
on the wavefunctions ψ
. On using the Hermite and pseudo-Hermite polynomial identities given in appendix A, we obtain
On the other hand, the ground-state wavefunction can be written as [23] 
Hence the whole set of wavefunctions is given by
where we define
The set of nth-degree polynomials y n (x), n = 0, m + 1, m + 2, . . . , being orthogonal and complete with respect to the positive-definite measure e −x 2 H m (x) −2 dx, is an EOP system X m of codimension m. As shown in appendix A, these polynomials satisfy the second-order differential equation
3 Harmonic oscillator rational extensions in secondorder SUSYQM
In second-order SUSYQM (see, e.g., [27, 46, 47, 48, 49, 50] and references quoted therein), the first-order differential operators A † , A of equation (2.1) are replaced by second-order ones
which intertwine with two partner Hamiltonians
as
As a consequence, the functions p(x), q(x) and the potentials V (1,2) (x) are constrained by the relations
where c is some integration constant.
In the reducible case (corresponding to c ∈ R) that we consider here, the operators A † and A can be factorized into products of first-order differential operators
, respectively.
The first set of operators A (1) † , A (1) can be associated with partner Hamiltonians of the same type as those given in (2.1), namely
and a factorization energy E 1 . In the same way, for the second set of operators A (2) † , A (2) , we may considerH
† , with respective potentialsṼ (+) (x),Ṽ (−) (x) and a factorization energy E 2 .
The relation between both approaches is given by
with an intermediate Hamiltonian
, while the constant c is related to the two factorization energies through c = E 1 − E 2 and the function p(x) can be expressed in terms of the two superpotentials as
These superpotentials can be obtained from seed eigenfunctions φ (1) (x) and φ (2) (x) of
respectively. This is equivalent to considering two seed eigenfunctions φ 1 (x), φ 2 (x) of the starting Hamiltonian H (1) , such
Wronskian of φ 1 (x) and φ 2 (x). In terms of the latter, one can write
To be an acceptable quantum potential, V (2) (x) must be nonsingular in the domain of definition of V (1) (x), which implies that the Wronskian W(φ 1 , φ 2 ) must be nodeless.
In the harmonic oscillator case, let us start with a pair of partner potentials
given by equations (2.4) and (2.8), where we replace m by m 1 (and similarly in all equations of section 2). The first factorization energy E 1 = −2m 1 −1 being less than the ground-state one, a nodeless Wronskian W(φ 1 , φ 2 ) can be obtained by assuming that E 2 < E 1 and that φ 2 (x) has a single zero on R (see, e.g., [27, 47, 48] ). This can be achieved here by taking The Wronskian therefore becomes
where
is a µth-degree polynomial with µ = m 1 + m 2 − 1, its highest-degree term being 2
As a result, we can write the two superpotentials as
while the potentials obtained in the two equivalent approaches are given by
As examples of harmonic oscillator rational extensions obtained in second-order SUSYQM, let us quote (3.14)
It is worth observing here that some of these potentials have already made their occurrence in another context [28, 42, 51] from rational solutions of the Painlevé IV equation [52] . The first one of them, for instance, is a member of the shifted harmonic oscillator hyperconfluent hierarchy of [42] and also appears in combination with a standard oscillator in the twodimensional superintegrable system studied in example B of [51] .
From SUSYQM, we directly get the energy spectra of H (1) , H and H (2) in the form
In particular, we note that, as expected, the two levels of energy E ν (x) and ψ ν (x) being given by the right-hand sides of equations (2.3) and (2.14) (with m replaced by m 1 ), respectively, it only remains to determine those of H (2) . Apart from the ground-state one, which is proportional to φ (2) (x) −1 , they can be most easily found by acting with the operator A (2) on ψ ν (x) (see appendix A).
The results read
where y (µ)
n (x) is an nth-degree polynomial in x, defined by 17) and the normalization coefficient is given by
The nth-degree polynomials y n (x) can be written as (for details see appendix A) d
n (x) = 0, (3.19) whereḡ µ−2 (x) is a (µ − 2)th-degree polynomial defined bȳ 
(m 2 odd) andφ 2 (x) = φ 1 (x) = H m 1 (x)e x 2 (m 1 even and such that m 1 < m 2 ), we obtain
Equations (3.8) and (3.9) now becomē
The resulting alternative factorizations
Although only formally defined (sinceV (x) is singular at x = 0), the HamiltonianH will prove very useful in the next section for constructing a new set of ladder operators for H (2) .
Ladder operators for harmonic oscillator rational extensions
In the present section, we will start by reviewing the standard way of constructing ladder operators for H (2) in SUSYQM before introducing a new one and studying its properties.
Standard ladder operators for H (2)
The usual procedure for building ladder operators for a SUSYQM partner Hamiltonian consists in combining those of the starting Hamiltonian with the supercharge operators [26] .
In the present case, from the standard harmonic oscillator raising and lowering operators
valid for H (1) , those of H (2) are obtained in the form
and are therefore fifth-order differential operators.
The operators H (2) , b † and b satisfy the commutation relations
where P (H (2) ) is a fifth-order polynomial in H (2) , which can be factorized as know that a physical state can be associated with only three of these energies, namely 
New ladder operators for H (2)
The construction of alternative ladder operators for H 
Conclusion
In the present paper, we introduced a new EOP system by extending the type III Hermite We also constructed the related ES rational extensions of the harmonic oscillator and observed that some of them were already known and obtained from rational solutions of the Painlevé IV equation [28, 42, 51, 52] . This establishes an interesting link between such solutions and EOP.
Furthermore, for these rational extensions of the harmonic oscillator, we proposed a new set of ladder operators giving rise to a PHA of (m 2 − m 1 + 1)th order. In contrast with what happens for standard ladder operators [26, 27, 28, 41, 42] , the two states added below the harmonic oscillator spectrum belong to a single unitary irreducible representation of this PHA. Such an algebra also shows that the rationally-extended harmonic oscillator associated with the X m 1 ,m 2 EOP family is endowed with a special type of (m 2 − m 1 + 2)thorder SI, generalizing the third-order one considered in another context [51, 53, 54] , to which it reduces whenever m 2 = m 1 + 1.
Some interesting problems for future study are the construction of type III multi-indexed Hermite X m 1 ,m 2 ,...,m k EOP families and of the related harmonic oscillator extensions through the use of kth-order SUSYQM, as well as the generalization of the present approach to type III Laguerre and Jacobi EOP families. Two-dimensional superintegrable systems with higher-order integrals of motion, based on the one-dimensional systems presented here, would also be worth investigating along the lines of two recent works [55, 56] , thereby generalizing special case B considered in [51] . 
Hence all three terms in the numerator of (A.5) contain the factor H m 1 , which cancels the same in the denominator. On employing (A.1) again, the remaining expression can be further transformed into the third relation in equation (3.17).
The normalization coefficient N 
Appendix B. Action of the new annihilation operator c
The purpose of this appendix is to prove that the action of the operator c, defined in (4.12), on the wavefunctions ψ
ν (x), ν = −m 2 − 1, −m 1 − 1, 0, 1, 2, . . . , given in (3.16)-(3.18), is provided by equation (4.17) . Such a result actually agrees with SUSYQM predictions, but since the operatorsÂ i , i = 1, 2, . . . , ℓ, andĀ (2) , used in definition (4.12), are only formally defined, we find it appropriate to make such an explicit check.
Since A (2) † is a well-defined operator on R, we may use its SUSYQM properties yielding which is equivalent to equation (4.17) when taking the definition of ℓ into account.
